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Vibration Analysis of Composite Turbopropellers Using
a Nonlinear Beam-Type Finite-Element Approach

J. B. Kosmatka* and P. P. Friedmannt
University of California, Los Angeles, California

An analytical model for determining the free vibration characteristics of advanced composite turbopropellers
(prop-fans) is presented. The blade is modeled using a number of straight beam-type finite elements, where the
elastic axis of each element is a piecewise straight representation of the curved line of shear centers of the swept
blade. The finite-element model is obtained from Hamilton's principle with allowances for: generally aniso-
tropic material behavior, arbitrary cross-sectional properties, large pretwist angles, out-of-plane cross-section
warping, and geometrically nonlinear behavior based upon moderate deflection theory. The natural frequencies
and mode shapes of the rotating blade are calculated assuming linear perturbations about the nonlinear static
equilibrium position of the blade. This model is sufficiently general to analyze other advanced composite
aerospace structures. Numerical results are presented to illustrate the versatility of the method by applying it to
1) a conventional propeller (TRW-Hartzell 101/16) and 2) a highly swept and pretwisted isotropic turbopropeller
(NASA SR-3). Excellent agreement with experimental test results is obtained for the lower modes of both the
conventional propeller and the advanced turbopropeller.
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Nomenclature
= material elastic moduli (ij = 1—6)
= orthonormal triad of beam element
= curvilinear coordinate axes of beam element
= curvilinear coordinate axes of beam element
after deformation

= applied load and centrifugal force array
= base vectors of undeformed beam
= base vectors of deformed beam
= translational offsets of element from spin
axis (Fig. 3)

= blade-fixed coordinate system (Figs. 2 and 3)
= hub-fixed coordinate system (Fig. 2)
= self-adjoint nonlinear Jacobian matrix
= linear and nonlinear stiffness matrices due
to elastic and centrifugal forces

= mass weighted area, first moments, and
second moments of the beam cross section

= mass and gyroscopic matrices
-- distributed forces that act along the line of
shear centers in ex,ey9ez, respectively

= nodal displacement array
= reduced material stiffness properties
(ij = 1,5,6)

= position vector of a point on the deformed
blade

= position vector from beam element origin to
a point on undeformed beam element
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= position vector from beam element origin to
a point on deformed beam element

= time
= kinetic energy
= displacement components in ex,eyyez,
respectively

= displacement components in ex,e^e^
respectively

= strain energy
= velocity vector of a point on rotating blade
= work of nonconservative forces
= curvilinear coordinate system of beam

element
= pretwist angle of beam
= blade pitch, sweep, and precone angles,

respectively
= beam element to blade system orientation

angles (Fig. 3)

= strain components
= deformed curvatures of the beam
: mass density

strain components
initial beam pretwist ( = P,X)
deformed and elastic twist of beam,
respectively
elastic twist angle of beam element
cross-section warping function
rotational speed
derivatives with respect to x, TJ, and f,
respectively
variation of ()
derivative with respect to time t

Introduction

A RENEWED interest in propeller-driven aircraft has been
recently generated by the potential for significant im-

provements in fuel efficiency demonstrated in studies spon-
sored by NASA.1 These results have shown a significant de-
crease in fuel consumption (15-30%) for advanced turbo-
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Fig. 1 Advanced turbopropeller showing line of shear centers and
finite-element model.

propeller-powered aircraft when compared to conventional
turbofan engines. Current design of advanced turbopropeller
blades (prop-fans) incorporate a large amount of sweep (up to
60 deg) combined with very thin cross section (3% thickness to
chord ratio at blade tip), which can produce large bending and
twisting deformations and complex vibratory characteristics.
Composite construction is envisioned for such designs as a
necessary means to control the deformation and vibration lev-
els and further reduce fuel consumption, noise levels, and
manufacturing costs. The use of composite materials could be
the key to the successful design of the advanced turboprop by
utilizing structural tailoring to generate optimum blade char-
acteristics.2 Such optimized blades can only be designed by
using an accurate mathematical model for a curved blade that
can represent the general anisotropic nature of advanced com-
posite materials.

Much of the published research has emphasized the use of a
beam-type model. The majority of this work has been in the
area of straight isotropic pretwisted helicopter rotors, where it
has been recognized that a geometrically nonlinear theory3-5

and out-of-plane cross-section warping6'8 are required to cor-
rectly model the coupling of the centrifugal and elastic forces.
Beam theories have also been developed for analyzing a curved
(swept) isotropic blade, where the curvature is defined in a
single plane (for example, Ref, 9). These theories, which re-
quire that the undeformed elastic axis and the initial curvature
distribution of the blade be known, contain complex expres-
sions for the coupling between the elastic displacements and
the blade curvatures. The extension of these two theories to
represent a curved (general space curve) anisotropic blade
would lead to an algebraically intractable model that is not as
versatile as a finite-element-based approach.

Recently, three studies aimed at analyzing thin-walled com-
posite helicopter blades using finite-element-based models
have become available.10'12 These studies, which include out-
of-plane warping, are limited to single-cell cross sections.
Hong and Chopra10 developed a composite model by extend-
ing an earlier isotropic model3 to include a laminated rectangu-
lar box cross section. Bauchau and Hong11 derived a nonlinear
anisotropic model based upon an isoparametric formulation
that includes shear deformations and arbitrarily large rota-
tions. The out-of-plane warping function is included using a

Fig. 2 Hub-fixed and blade-fixed coordinate systems.

Fig. 3 Blade-fixed and beam element coordinate systems.

partial set of eigenwarping modes that are determined by a
separate analysis.13 Finally, Stemple and Lee12 developed a
blade model that uses isoparametric beam elements to deter-
mine the elastic displacements along with a three-dimensional
solid-element model for determining the cross-section warp-
ing.

The objective of this paper is to develop an analytical model
for determining the free vibration characteristics of advanced
composite turbopropellers. The blade model is defined using
straight beam-type finite elements, where the elastic axis of
each element represents a piecewise straight approximation to
the curved line of shear centers of the swept blade (Fig. 1). The
straight beam-type finite elements are developed using Hamil-
ton's principle. The nonlinear strain-displacement relations
are derived assuming moderate deflection theory (small strains
and finite rotations) with allowances for out-of-plane warping.
The constitutive relations of a generally anisotropic material
are used, where the stresses within the cross section and shear
deformation effects are neglected. A set of section constants
(Appendix), which contain the material and warping cou-
plings, are identified. These section constants along with the
warping distribution and shear center are determined by a
separate finite-element analysis for a general-shaped cross sec-
tion composed of either isotropic,14 multiple monoclinic,15 or
multiple generally anisotropic materials.16

Numerical results are presented to illustrate the versatility of
the method of applying it to a conventional propeller (TRW/
Hartzell 101/16) and to an advanced turbopropeller (NASA
SR-3). A more detailed development of the model along with
additional numerical examples can be found in Ref. 16.
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This model is sufficiently general so as to enable one to
analyze other straight or swept advanced-composite aerospace
structures (helicopter rotors, propellers, satellite appendages,
tilt-rotors, and wind-turbine blades). Such a general model has
not been available prior to this study, and it is expected to be
valuable for designers and analysts.

Formulation of the Blade Model
The advanced composite turbopropeller is assumed to rotate

with a constant angular velocity Q, and the effects of pitch,
precone, and sweep are accounted for (Fig. 2). The blade is
divided into a series of subregions modeled by straight aniso-
tropic beam-type finite elements that represent a piecewise
approximation to the general curved line of shear centers of
the blade (Fig. 3). Each finite element is derived using a curvi-
linear coordinate system that rotates with the beam pretwist to
account for large pretwist-elastic displacement coupling effects
(Fig. 4). Several coordinate systems are required to fully de-
scribe the geometry and the elastic motion of the blade.

Blade Coordinate Systems and Geometric Preliminaries
A hub-fixed system (?0JoAo) and a blade-fixed system

(?J,£) are used to orient the blade relative to the hub, where
the hub-fixed system rotates with a constant angular speed
Q&o- Allowance for a general blade setting (sweep, precone, or
pitch) is made using an Euler angle transformation between the
two coordinate systems (Fig. 2).

An orthonormal triad (4,^,,^) is used to locate each beam
finite element relative to lj,k with three translational offsets
(hi,hj,hk) and three orientation angles (/3/,/3y-,/3fr) (Fig. 3). The
vector €x is aligned with the beam element elastic axis and is
tangent to the curved line of shear centers. The vectors €y and
£z are defined within the element cross section.

Large blade pretwist angle effects are properly accounted
for by deriving the beam element strain-displacement relations
in the (eX9^9ef) triad, which rotates with the beam pretwist
(Fig. 4). The vectors e^ and e$ are defined parallel to the mod-
ulus weighted principle axes of the cross section, and the
pretwist /3(jt) is defined as the change in their orientation at any
location along the beam element.

A transformation between the two element displacement
sets is

1 0 0
0 cos/3 sin/3
0 — sin/3 cos/3

(1)

A final orthonormal triad (eX9e^9ef) is required in the
derivation of the nonlinear strain-displacement relations. The
triad (£*,£,,,£;•), which is defined on the elastic axis of the beam
before deformation, is carried to ex,e^e{ through rigid-body
translations and rigid-body rotations during deformation. The
vector ex is tangent to the deformed elastic axis, and the vec-
tors e^ and ef are defined in the deformed cross section. The
deformation of an element dx on the beam elastic axis is de-
scribed in Fig. 5, where the effects of the rigid-body translation

Fig. 4 Element and curvilinear coordinate system of the pretwisted
beam element.

Fig. 5 Curvilinear coordinate system after deformation and
orientation angles.

are not shown. Writing the relation between ex and the curvi-
linear coordinate system

ex = (1 + uCiX)ex + (vc>x - (2)

The transformation from the triad eX9^9efto the set ex,e^,ef
is defined using finite orientation angles, where the triad
eX9e^9ef is initially aligned with ex,e^e^ and the rotations of
magnitude 0f, 0^, and Ox are performed about ef, — e(, and ex,
respectively. This sequence was chosen to follow the work of
previous authors,3'4 but other sequences are also possible, and
the form of the transformation will differ slightly. An ordering
scheme was used to simplify these relations by neglecting the
axial strain (uc>x) and the squares of the slopes and rotations
(vc,x2> wc,x2> <t>2) with respect to unity. This scheme is consistent
with a moderate deflection theory (small strains and moderate
rotations). The final form of the transformation is defined

(3)

where [TDC] is expressed as

- (vc,x ~ wc TO) - <t>(wc,x + vc TO)
- (Wc>x + VCTQ) + (t)(Vc>x -WCT0)

and

TO = (Vc,x - WCT

- 0 - Tc

+ VCT0)

A transformation from the set (£x,^,£z) to the triad (eX9e^e{)
in terms of u, v, and w is determined by combining the above
relations [Eqs. (1) and (3)]

« > = lTDE]^y (4)

where [TDE] is expressed as

1 V,x ™,x

cos(/3 + <t>) sin(/3 + $)
-sin(/3 + </> + </>') cos(/3 + </>)
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and

<t>' = (v,x cos/3 + wtX sin/3)(>v * cos/3 — vtX sin/3)

This transformation is in general agreement with a similarly
derived relation3 except for the second-order twist term <£',
where differences are due to the definition of the torsional
kinematic variable </>.

The curvatures and the twist of the deformed beam are
calculated from the theory of space curves (e.g., Wempner,
Ref. 17, p. 357, Eqs. 8-19) using Eq. (4) along with the order-
ing scheme.

• eXfX = vtXX cos(/3 + </>) +

• eXtX = - v>xx sin(/3 + </>)

. e^x = TO + r'

sin(j8 + </>) (5a)

(5b)

(5c)

where

T' = < / > , * + { w,x cos/3 — vt x sin/3 } { v>xx cos/3 + w>xx sin/3 } (5d)

and the small-angle assumption is used for <£:

cos(/3 + </>) — cos/3 — </> sin/3
sin(/3 + 0) = sin/3 -I- </> cos/3 (5e)

The position vector r for the undeformed beam is given by

^x^ + i^ + tfr (6)

g ) a r eand the corresponding undeformed base vectors
defined by

(7a)

(7b)

(7c)

Similarly, the position vector R for the deformed beam is
defined as

(8)

where the first term is the deformation of a point on the elastic
axis, and the second term contains the rigid rotation of the
cross section along with the out-of-plane warping of the cross
section due to Saint Venant torsion. The base vectors for the
deformed beam (GX,GG are defined as

= R>x , GL = R „ , r-^.r (9)

Strain Components
The strain components are defined in the curvilinear coordi-

nate system of the beam element using the definitions pre-
sented by Wempner (Ref. 17, Eqs. 8-15):

(10a)

(10b)

(10c)

(lOd)

(lOe)

(10f)

Substituting Eqs. (7) and (9) into (10) and applying the order-
ing scheme

v, xx ij cos(/3 + <t>)- f sin(/3 + ^>)

w „ [f cos(/3 + </>) + rj sin(/3 + </>)] (1 la)

(lib)

(lie)

(lld-f)

where the underlined term is a higher-order effect that should
be neglected based upon the present order scheme, but was
retained to include important nonlinear tension-torsion cou-
pling effects.3'7'10

The axial strain due to cross-section warping (\l/<t>tX)iX can be
written in an alternate form, since cross-section warping is a
function of rj and f only:

Constitutive Relations
The constitutive relations are defined based upon two as-

sumptions: 1) the material exhibits generally anisotropic be-
havior (fully populated material stiffness matrix), so that all
possible material coupling effects are properly accounted for,
and 2) the stresses within the cross section are set to zero
(a^ = o^= o^ = 0). These assumptions will correctly model the
overall blade behavior for all isotropic and most composite
material configurations, but further development may be re-
quired for highly anisotropic definitions (i.e., relaxation of
second assumption and including shear deformation effects).

The stress-strain relations for general anisotropic material
behavior, including orthotropic materials where the material
axes do not align with the coordinate axes, are

symmetric
C44 C45 C46

C55 C56

C66

(13)

The constitutive relations are obtained by setting the three
stresses within the cross section equal to zero and applying
back-substitution:

where

6ll 2l5 Ql6

Ql'5 G55 256

Ql6 656 266

= [cbb]-[cbs][cssrl(csb]

(14)
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[Cbb] = [Css] =
C22 C23

^23 £33

C24 C34

Hamilton's Principle
The nonlinear equations of motion and the corresponding

finite-element matrices are derived for each beam element us-
ing Hamilton's principle:

(15)

where dU, dT, and bWe represent the strain energy variation,
kinetic energy variation, and virtual work of external forces,
respectively.

Strain Energy
The variation of the strain energy for the anisotropic beam

element is defined as

"QII QIS Qie
Ql5 Q55 Q56

Qie Qse Qee

where the stresses within the cross section are set to zero
(ar?T? = (7ff=(TT?f=0), and the strains have been previously de-
fined [Eqs. (lla-f)].

Integrating Eq. (16) with respect to rj and f will yield the
strain energy variation in terms of the linear and nonlinear
displacements along with three sets of modulus weighted sec-
tion constants (Appendix, nos. 1-3). These constants are de-
termined by a separate analysis and are dependent upon the
cross-section shape and material lay-up, the out-of-plane
warping function, and the shear center location.

Analytical models for determining the warping distribution
and the shear center location of general cross sections com-
posed of isotropic,14 multiple monoclinic,15 or multiple gener-
ally anisotropic materials16 are available. These models are
based upon solving Saint Venant's flexure and torsion prob-
lems. The model of Ref. 16 uses the principle of minimum
potential energy and a finite-element formulation to discretize
the nonhomogeneous two-dimensional boundary-value prob-
lem and solve for three unknown coupled displacement func-
tions. These unknown functions (two in-plane and one out-of-
plane) are required to describe the displacement and stress
distribution of anisotropic materials,18 whereas only one out-
of-plane warping function is required for isotropic or mono-
clinic material behavior.

The first set of section constants (Appendix, no. 1) are the
modulus weighted section integrals. The modulus weighted
area and the first and second moments are defined as EA,
EA,,, EA^ £/„, £% and EI^. Second-order constants that
exhibit axial-bending-torsion coupling are defined as EAC0,
EAC\, and EAC2. The constant EAC3 is also a second-order
term that modifies the nonlinear torsional stiffness.

The modulus weighted warping integrals are defined in Ap-
pendix, no. 2. The torsion constant is defined as GJ. The term
EADQ represents the warping-axial displacement coupling, and
EAD\ is the coupling due to the first derivative of the warping
and the axial displacements. The terms EAD\ and EAD2 are
used to couple the axial strain of section warping with the
transverse displacements, whereas EAD{ and EAD{ represent

the coupling of the first derivative of the axial strain due to
section warping with the transverse displacements. The quanti-
ties EAD3, EAD{, and EAD5 represent the change of the tor-
sional stiffness of the beam due to section warping and/or
varying section properties (i.e., pretwist). The constants EAD4
and EADj are second-order torsion coupling terms.

The third set of section constants (Appendix, no. 3) are a
result of using materials that exhibit anisotropic behavior. The
constants EAB0, EABi9 and EAB2 couple the torsion displace-
ment 0 with the u, v, and w displacements, respectively. The
terms EAB3 and EABj represent the change in the torsion
stiffness of the anisotropic beam due to warping and pretwist
of the beam, respectively. The constant EAB4 is a second-order
term that couples the linear and nonlinear torsion deflections
of the beam. The terms EAB09 EABl9 EAB29 EAB3, and EAB4
will reduce to similar constants presented in Ref. 10, when the
laminated cross section is defined as a single thin-wall rectan-
gular cell.

For pretwisted beams with uniform cross sections, the con-
stants EADQ, EAD{9 EAD29 EADj, EAD4> and EAB{ can
be defined making use of the following substitution [from
Eq. (12)]:

07)

Kinetic Energy
The kinetic energy of each beam element is defined as

pV-

where

and P0 is given by

V= r0

rQ= +R

(18)

(19)

(20)

The variation of the kinetic energy dT is determined by
taking the dot product of V with 5 V integrating by parts with
respect to time and, finally, integrating over the cross section.
This integration will yield the mass, the first mass moment,
and the second mass moment constants of the cross section
about the shear center (Appendix, no. 4).

External Work Contributions
The principle of virtual work is used to include the effects of

nonconservative distributed loads.

= \ (pxdu +pydv
Jo

(21)

Formulation of the Finite-Element Matrices
The finite-element method is a piecewise application of the

variational method. The solution procedure is not based on
solving the nonlinear differential equations of motion, but
minimizing the total dynamic potential of the rotating blade
(i.e., apply Hamilton's principle to each subregion or element
of the blade).

Writing Hamilton's principle in discretized form

'2 n
(22)

where n is the total number of finite elements.
The finite-element matrices are generated by substituting

cubic Hermite interpolation polynomials for the axial (u) and
the transverse deflections (v,w) and a quadratic Hermite poly-
nomial for the torsion (</>) displacement. The quadratic poly-
nomial has the capability of modeling the linear variation of
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strain along the element length, thus being compatible with the
cubic polynomial for transverse deflections. The resulting ma-
trices have 15 nodal parameters: six at each end of the beam
element (three deflections, three rotations) and three internal
nodes (two axial and one torsion deflection).

Substituting the interpolation polynomials into the discre-
tized form of Hamilton's principle [Eq. (22)], integrating over
the length of each beam, and assembling the n elements yield
the nonlinear equations of motion:

(q }] {q

dt =0 (23)

These matrices represent a complete set of self-adjoint finite
elements (i.e., symmetric linear matrices and nonlinear Jaco-
bian matrix, and skew-symmetric gyroscopic matrix). Individ-
ual matrix coefficients are presented in Ref. 16.

The nonlinear equations of motion can be obtained directly
from Eq. (23), noting that {6(7} is arbitrary over the time
integral:

• l K N L [ q } ] \ { q }

+ [FT] = (0) (24)

Method of Solution
The solution for the free-vibration characteristics of an

advanced composite turbopropeller is accomplished in three
steps. First, the finite-element blade model is created by
1) determining the line of shear centers, 2) discretizing the line
of shear centers into n beam-type subregions (n + 1 nodes),
3) calculating the section constants of Appendix using cross-
section profiles defined at each node and perpendicular to the
line of shear centers, and 4) generate and assemble the finite-
element matrices. The line of shear centers is determined by an
iterative process, where each successive prediction is calculated
by fitting a cubic spline through the shear center locations of
section profiles that are perpendicular to a previous predic-
tion. Convergence has occurred when two successive predic-
tions are within 10 ~4.

Second, the nonlinear static equilibrium position of the
blade is determined by neglecting the time-dependent terms
from Eq. (24) and solving the following nonlinear equations
using a Newton-Raphson iteration scheme:

[[KT] + { q } + [FT] = (0) (25)

where convergence has occurred when the absolute change of
all deformations is less than 10~4 for each iteration.

Finally, the free- vibration frequencies are obtained by as-
suming that the motion is a linear perturbation ( Aq } about the
nonlinear static equilibrium position and applying an appro-
priate eigenvalue routine.19

where products of the perturbations (i.e., A#/A#y = 0) are ne-
glected.

Results and Discussion
Numerical results are presented for a conventional propeller

(TRW/Hartzell 101/16) and an advanced turbopropeller
(NASA SR-3). These results include the determination of the
nonlinear static equilibrium position and the free-vibration
frequencies of the rotating blades, and suitable correlation
with experimental test data. The beam-type properties of these
isotropic blades (i.e., line of shear centers, section constants,
etc.) were determined using blade planform data together with
a separate computer program.20 Many additional numerical

HUB
LINE OF SHEAR CENTERS

-48in.-

HUB LINE OF SHEAR CENTERS

Fig. 6 Finite-element model of TRW/HARTZELL 101/16
propeller.

-PRESENT THEORY
0 EXPERIMENTAL DATA

500 -

500 1000 1500
PROPELLER SPEED (rpm)

2000

Fig. 7 Test and predicted natural frequencies for the Hartzell 101/16
(Campbell Diagram).

LINE OF SHEAR CENTERS
HUB

LINE OF SHEAR CENTERS
HUB

Fig. 8 Finite-element model of NASA SR-3 turbopropeller.

examples that were used to verify this analytical blade model
are presented in Ref. 16. It is important to note that these
results clearly indicate that the piece wise continuous model,
based upon straight finite elements, provides an excellent ap-
proximation to the curved beam. Because of lack of space,
these results cannot be included in this study.

TRW/Hartzell 101/16
The TRW/Hartzell 101/16 is a straight aviation propeller

that is 1.22 m (48 in.) long, composed of 2025-T6 aluminum,
and highly pretwisted (30 deg). The blade was modeled using
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12 beam finite elements that were placed along the line of shear
centers (Fig. 6). Photographs of the experimental test setup
along with the four lowest vibration mode shapes are presented
in Refs. 16 and 21. The blade motion in these lower modes is
predominantly uncoupled spanwise bending and torsion with
negligible chord wise deformation.

A Campbell diagram is presented in Fig. 7 to show a com-
parison of the predicted natural frequencies and the experi-
mental results. There is excellent agreement for the first three
flatwise bending modes and the first torsion mode, which is a
result of having accurate blade properties and negligible
chord wise deformation. The increased blade natural frequen-
cies are due to larger centrifugal forces at higher propeller
speeds. Experimental data for the rotating blade are not cur-
rently available.

NASA SR-3
An advanced turbopropeller (NASA SR-3), which is highly

swept (up to 45 deg) and pretwisted (32.5 deg), was also ana-
lyzed. The titanium blade was modeled using 12 beam-type
finite elements that were defined along the generally curved
line of shear center (Figs. 1 and 8). The section profiles undergo
rapid changes along the blade length to reduce noise, weight,
and centrifugal force. For example, at the blade root the sec-
tion is relatively thick (20%) with negative camber (3.5%),
whereas at the blade tip the section is very thin (3.3%) with
positive camber (2.7%).16'21 In order to obtain accurate re-
sults, it was important to include the thickness-wise offsets
between the shear center and the mass and area center (i.e.,
assume nonsymmetric section profiles).

The first four experimentally determined mode shapes (three
flatwise bending, one torsion) are predominantly spanwise
motion (bending or twisting along the line of shear centers)
with negligible chord wise deformation.16 The higher modes are
described as coupled spanwise and chord wise deformation.
The current beam-type model, which is based on a one-dimen-
sional theory, has the ability to capture the spanwise motion
only. To correctly analyze these higher coupled modes, it is
suggested that a two-dimensional shell-type model be used.

A comparison of the predicted natural frequencies and the
experimental results for different operating speeds is presented
on a Campbell diagram (Fig. 9). For the nonrotating blade
(0 = 0), the experimental results are in agreement with the pre-
dicted results for the first four modes. The inclusion of out-of-

PRESENT THEORY WITHOUT
WARPING CONSTANTS
PRESENT THEORY WITH
WARPING CONSTANTS
EXPERIMENTAL DATA

9P

8P

7P

6P

SP

4P

3P

2P

IP

plane warping (Appendix A, no. 2) is very important for these
thin sections because blade pretwist and camber will signifi-
cantly alter the blade stiffness. The experimental results of the
rotating blade (7000 rpm and 8000 rprh) show very good corre-
lation with the finite-element model for the first three modes
when the effects of warping are included.

Conclusions
An analytical model has been developed for determining the

free-vibration characteristics of advanced composite turbo-
propellers. This beam-type finite-element model is sufficiently
general so that other types of advanced composite blades such
as helicopter blades can also be analyzed. Numerical results
have been presented to illustrate the versatility of this model by
applying it to a conventional propeller and a highly swept and
pretwisted advanced turbopropeller. The following conclu-
sions should only be considered as indicative of trends, since
the full effect of geometric coupling (blade sweep and pretwist)
and material coupling (composite construction) is unique for
each blade configuration.

1) The lower modes and frequencies of advanced composite
turbopropellers can be obtained using a nonlinear beam-type
finite-element model, where straight elements represent a
piecewise continuous approximation of the curved line of
shear centers of the blade. The quality of the resulting struc-
tural model is strongly dependent upon an accurate determina-
tion of the line of shear centers, warping distribution, and
section constants (Appendix A).

2) The effect of large blade pretwist angles is properly ac-
counted for by developing the nonlinear strain-displacement
relations in a curvilinear coordinate system that rotates with
the pretwist.

3) All of the material coupling terms present in composite
blades have been identified. These constants were derived as-
suming generally anisotropic behavior, and stresses within the
cross section are negligible.

4) Excellent agreement between the analytical predictions
and the experimental results was obtained for the lower modes
of an advanced turbopropeller. The inclusion of out-of-plane
warping and thickness-wise section offsets (i.e., assume non-
symmetric sections) improved the correlation by altering the
coupling stiffness of these thin cambered cross sections.

5) Fair agreement between the analytical predictions and
the experimental results was obtained for the higher modes due
to the presence of chord wise bending deformations that can-
not be represented with this model.

Appendix A
The cross-section integrals of the beam element are defined

as
1) Modulus Weighted Section Integrals:

Q{,

2 4 6
PROPELLER SPEED (I03rpm)

Fig. 9 Test and predicted natural frequencies for the NASA SR-3
turbopropeller (Campbell Diagram).
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EACi =

EAC2 =

EAC3 =

2) Modulus Weighted Warping Integrals:

GJ =

EAD0 = \ QM dr? df

EAD} = \ \ QMydridt

EAD2 =

EAD3= \ \ en^drjdf

EAD4 =

EAD5 =

EAD& =

EAD{ =

EAD2 =

dij df

3) Anisotropic Material Stiffness Coupling Integrals:

EAB,=

EAB3=

EAB;=

EAB4 = \Q{5 (f r + n) + Q{6A ^

4) Mass Weighted Section Integrals:

f fm = p dr? df Imm =

prj2 drj

df
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